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It was noted in [1] that the behavior  of heterogeneous s t ruc tu res  (bimetals ,  th ree-p ly ,  and re inforced mater ia ls)  
beyond the e las t ic i ty  l imit  has ce r ta in  s ingu la r i t i e s  which preclude the use of the concept of prolonged loading (the 
Shanley concept) in  p rob lems  of the i r  ine las t ic  ins tabi l i ty .  The compress ion  of such s t ruc tu res  beyond the e las t ic  l imi t  
is charac te r ized  by the appearance of seve ra l  c r i t i ca l  loads of var ious  types depending on the proper t ies  of mater ia l s  
used in such a s t ruc tu re  and on its geometr ica l  p a r a m e t e r s .  Never theless ,  one may posultate that c r i t ica l  loads of the 
Shanley type (as defined in the concept of prolonged loading) a re  not rea l ized in heterogeneous s t ruc tu res  compressed  
beyond the e las t ic  l imit  except in the case of the "proport ional"  tensi le  s t r e s s - s t r a i n  d iagrams of the mate r ia l s  of a 
laminated s t ruc tu re .  

In the genera l  case the c r i t i ca l  load (in the usual  meaning of the load producing ini t ial  change from one form of 
motion to another) of a heterogeneous s t ruc tu re  should be defined as the load corresponding to the yield point.  For  a 
ce r ta in  c lass  of geomet r ica l  and physical  pa r ame te r s  of the s t ruc tu re  this load de te rmines  its support ing capacity; for 
the remain ing  p a r a m e t e r s  it may serve  as the lower l imit  of support ing capacity loads. The t e rm  "supporting capacity 
loads" denotes here  the max imum loads which can be ca r r i ed  by the s t ruc ture  compressed  beyond the e las t ic  l imit .  
These genera l  a s se r t i ons  a re  proved in this a r t ic le  for the example of Shanley 's  heterogeneous idealized column. 
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1. Consider  the compress ion  of a Shanley idealized column [2] (Fig. 1) whose segments  are  made of different 
e l as t i c -p las t i c  ma te r i a l s  with l inear  s t r a in -ha rden ing  charac te r i s t i c s  (Fig. 2). 

Here L is the length of the r igid par t  of the column, l is the length of its deformed par t ,  FI are  areas  of the t r a n s -  
ve r se  cross  sect ion of the support ing segments ,  Hi is the dis tance f rom the middle of a segment  to the line of action of 
the applied compress ive  force T, ~0i a re  the propor t ional i ty  l imi ts ,  E i are  the e las t ic  moduli,  and Eki are  the tangent 
moduli of the f i r s t  and second segments  of the column (i = 1, 2). It is a ssumed  that each ma te r i a l  behaves in the same 
way in tension and compress ion .  The l ine of action of the applied compress ive  load is chosen so as to ensure  that the 
column rema ins  in a momen t - f r ee  unbuckled state until  the Eu le r  c r i t i ca l  load 

~% (1.1) ~u%~'2tE~ t ~  ~ + ~i 

( H' e, F a  El) 

is reached.  Then 
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An e l a s t i c a l l y  s t a b l e  c o l u m n  r e m a i n s  s t r a i g h t  u n t i l  a t  l e a s t  one  of the  s e g m e n t s  p a s s e s  to  the  p l a s t i c  s t a t e .  
t he  s e g m e n t  m a t e r i a l s  b e  s u c h  t h a t  

, .0. (.0, 
~ ( < S F  = ' 

T h e n  the  s e c o n d  s e g m e n t  p a s s e s  to the  p l a s t i c  s t a t e  a t  a c o m p r e s s i v e  load  

1 + ~ r  

The  load  t~wil l  be  c a l l e d  the  f i r s t  c r i t i c a l  load.  

w h i c h  t 1 < t E u  o r  

(1.2) 

(1.3) 

H e n c e f o r t h  o u r  c o n s i d e r a t i o n s  wi t l  be  c o n f i n e d  to c o l u m n s  fo r  

(t + ~/p 

At  t > t 1, in  a c c o r d a n c e  w i th  t h e  t e n s i l e  s t r e s s - s t r a i n  d i a g r a m s  (F ig .  2), the r e l a t i o n  between s t r e s s e s  ~ i  a n d  
s t r a i n s  e i  (not  t a k i n g  in to  a c c o u n t  the  B a u s e h i n g e r  e f fec t )  h a s  the  f o r m  

ei = si / ei q- kt~i [si -- sign (s d sod + rnipi [si -- sign (si) s~i ] + nip i (sxi -- s~i) 

Let 

~ ( q  - -  e ~ )  EI~ ~ %.i 

modes A ~ C  i 

k i  = m~ = ni  = 0 
modes A t B i ,  C i D  i 

k~ = I ,  m i = n i = 0 
modes B ~ E t  

nr = 1~ k i = m i ~ 0 
modes E~F~ 

m i = n i = t ,  k i = O, 

( 1 . 5 )  

H e r e  o-li d e n o t e  the  y i e l d  p o i n t s  of  the  s e g m e n t  m a t e r i a l s  in c o m p r e s s i o n  ( a f t e r  s t r a i n - h a r d e n i n g ) .  H e n c e f o r t h  
t he  c o m p r e s s i v e  s t r e s s e s  a r e  r e g a r d e d  as  p o s i t i v e .  

T h e  e q u a t i o n  of  c o n s i s t e n c y  of  d e f o r m a t i o n ,  w h i c h  c a n  be  o b t a i n e d  by  c o n s i d e r i n g  t he  s i m i l a r i t y  of t r i a n g l e s  ABC 
and  AIB1C i {Fig.  1) a n d  r e g a r d i n g  the  d e f l e c t i o n  W as  s m a l l  in  c o m p a r i s o n  wi th  L,  h a s  the  f o r m  

e~ - -  s~ = o~-to, e~ = { l l  - -  ~) / Z, w = W ~  I f .  (1.6) 

H e r e  I i d e n o t e s  the  l e n g t h s  of  s e g m e n t s  a f t e r  d e f o r m a t i o n ,  U s i n g  the  e q u a t i o n  of  e q u i l i b r i u m  of  the  c o l u m n  

s t = f t  (h2 - -  w ) ,  s2 = t (h i  " b  to) ( r  = ~oaF~t)  (1.7) 

and  E q s .  (1.5) and  (1.6),  we o b t a i n  

c A r - a t  
w = r bt ( 1 , 8 )  

r = k:t sign (st) sollx:t -- k~ sign (s2) Pa q- ml sign (sl) sn~l -- rn~ sign (s~) sx~ Ix2 "-t- 
+ n2~t2 (s12 - -  1) - -  nl/~ I (sit - -  sot), ~ = (1 + =1) / ez, 

F r o m  (1.8) a t  k i = m i = ni = 0 we o b t a i n  E u l e r ' s  c r i t i c a l  load  (1.1) f o r  a h e t e r o g e n e o u s  i d e a l i z e d  c o l u m n .  In the  
c a s e  in  w h i c h  i n e q u a l i t i e s  (1.2) a n d  (1.4) a r e  s a t i s f i e d ,  we  t a k e  in (1.8) k 2 = 1, k I = mi  = ni  = 0.  

T h e n  a t  t > t 1 we o b t a i n  

A (t - -  h)  A fh~ (% - -  %2) c~ ek~ 
W t , - - t  : -  ~I - - , .  ~1 : e l  ~- e~ ] ,  t , - -  ~1 (1.9) 

F r o m  the  e q u a t i o n  of  e q u i l i b r i u m  (1.7),  u s i n g  Eq .  (1.9) ,  we o b t a i n  

ed [(t-- t , p - -  BI 
sl' (t) = ~ ( t .  - -  0 ~ - ~  

t t ,  ( e ~ - -  %2) ( t ,  - -  t 0 
B ----- 13ete.~ st" (t 0 = 

%~/[(t - -  t.)~ + qB I e~ r 

~' (0 = ,al (t, --  t)~ ' 
/(tE#~2 - -  e~ tp %~] (tE~ , -  tl) 

( t ,  - -  h)  ~1~ sr  (t 0 = ( t .  - -  tO ~ 

(1 .lO) 

The  p r i m e  d e n o t e s  a d e r i v a t i v e  w i th  r e s p e c t  to  t .  D e p e n d i n g  on m a t e r i a l  p r o p e r t i e s  and  g e o m e t r i c a l  p a r a m e t e r s  
of  the  c o l u m n ,  a t  t = t 1 < t E u  the  fo l lowing  c a s e s  a r e  p o s s i b l e :  

307 



a) t .  > t l ,  tEek~> txe2. (1.11) 

T h e n  s~(t 1) > 0, s~(t i) > 0,  i . e . ,  o v e r l o a d i n g  t a k e s  p l a c e  in bo th  s e g m e n t s ;  in  the  s e c o n d  s e g m e n t  i t  o c c u r s  a t  a l l  the  

t > t 1 and  in the  f i r s t  s e g m e n t  a t  t 1 < t ~ t m 

t m =  t, -= }f~ (h ~ tm ~ t.). (1.12) 

T a k i n g  in (1.7) s I = s01 and  u s i n g  (1.9) ,  we o b t a i n  

t,o+ ___ p _ ~ p - V ~ q ,  p = so, - ] - / h2 t ,  -~- A / t l  so l t .  
2(h~+A) i  ' ~ = ( h ~ + A ) /  

The  load tl0 + C o r r e s p o n d s  to r e a c h i n g  the  y ie ld  p o i n t  d u r i n g  the  c o m p r e s s i o n  of  the  f i r s t  s e g m e n t .  L e t  u s  f i r s t  
c o n s i d e r  m a t e r i a l s  and  c o l u m n  p a r a m e t e r s  f o r  w h i c h  

tm < ho +. (1.13) 

T h e n ,  i f  i n e q u a l i t y  (1.13) i s  s a t i s f i e d ,  i t  fo l lows  f r o m  (1.10) t h a t  a t  t 1 -~ t -< t m  e l a s t i c  o v e r l o a d i n g  t a k e s  p l a c e  in 
the  f i r s t  s e g m e n t ,  e l a s t i c  u n l o a d i n g  t a k i n g  p l a c e  a t  t > t m u n t i l  s t r e s s  o 1 b e c o m e s  e q u a l  to  the  t e n s i l e  y i e l d  po in t .  F o r  

the  f o r c e  t-10 , w h i c h  c o r r e s p o n d s  to s t r e s s  a i  = - a l 0  , f r o m  (1.7) and  (1.10) we o b t a i n  

t ~ o = r +  ] / ' f - ~ + q .  r = p - - q l t  , . 

U s i n g  the  f i r s t  of i n e q u a l i t i e s  .(1.11), i t  is  e a s y  to p r o v e  the  v a l i d i t y  of  i n e q u a l i t i e s  

tr~ < t~o- ~< t .  ~< t k ,  (1.14) 

~t 

&. 

Fig.  3 

F r o m  (1.10) i t  fo l lows  t h a t ,  i f  i n e q u a l i t y  (1.14) is  s a t i s f i e d ,  t he  d e r i v a t i v e  s~ (t[0) is n e g a t i v e ,  s i n c e  in t h i s  c a s e  

(t~o- -- t, -- Y~) (%0" - t, + V-B) < o (1.15) 

In the  c a s e  u n d e r  c o n s i d e r a t i o n ,  w h e n  i n e q u a l i t i e s  (1.11) and  {1.13) a r e  s a t i s f i e d ,  the  d e p e n d e n c e  of d e f l e c t i o n  on  

load  a t  t -< t[0 i s  d e s c r i b e d  b y  (1.9) and  r e p r e s e n t e d  b y  c u r v e  KN in  Fig .  3. 

C o n s i d e r  the  b e h a v i o r  o f  t h e  c o l u m n  u n d e r  loads  t > t~'0, a s s u m i n g  t ha t  i n e q u a l i t i e s  (1.11) and  (1.13) a r e  s a t i s f i e d ;  
in  t h e s e  c i r c u m s t a n c e s  the  f i r s t  s e g m e n t  p a s s e s  in to  a p l a s t i c  s t a t e  i n t e n s i o n  (mode  D1C 1 in  Fig .  2) and  the  s e c o n d  s e g -  

m e n t  r e m a i n s  in  the  p l a s t i c  s t a t e  in  c o m p r e s s i o n  (mode  A2B2). 

U s i n g  (1.5) and  (1.8),  we o b t a i n  t h e  fo l lowing  e x p r e s s i o n  fo r  the  d e f l e c t i o n :  

D- (t --  tlo-) 
W = Wo- -~ t** - -  t 

/ [(e2 - -  %2) ~ ( t ,  - -  q )  - -  %2% (Q - -  %1) ~ ( t ,  - -  ho-) 

D- = e213~:t~ (t, --  tlo-) 

~ L e~2 A (tl~- - -  tl) 
t** -- ~ , ~2 = ekl "~- elr w0- -- t. -- tlo- 

U s i n g  (1.16) ,  f r o m  (1.7) we o b t a i n  

e~li [(t --  t**)~ -- g-] 
.~' (t) = ~ (t** -- t)~ 

eh. J (t  - -  t**)~ + R - % t  
.~.~' (t) = ~,. ( t** - -  0 ~ ' 

W (t lo-)  = 

.D-  
R -  ~ - -  ~et** (t** - -  tlo-) 

e 7 ti [(tl~--- t,y- --  B] 
sl' (tlo-) ~ ~ ( t .  - -  t~o-) (t** - -  t lo-) 

~e (t, - -  tlo-) (t** --  tlo-) -- %1 [(tlo--- t;)e --  B l 
~2 (t, - -  ho-) (t** --  t~0-) 

(1.16) 

(1.17) 
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C o n s i d e r  two p o s s i b l e  v a r i a n t s  of  the c a s e  in ques t ion~  

a t ) Le t  the s e g m e n t  m a t e r i a l s  and c o l u m n  p a r a m e t e r s  be such  that  in add i t ion  to i n e q u a l i t i e s  (1.11) and (1.13) the 
fo l lowing inequa l i ty  is  s a t i s f i ed :  

t**  > r i o -  . ( 1 . 1 8 )  

Then,  on the ba s i s  of (1.14) and ~1.15), we have  s~ (tl0-) < 0, s~(ti0-) > 0. The  f i r s t  o f  t h e s e  i nequa l i t i e s  is e q u i v a -  
lent ,  in a c c o r d a n c e  with (1.17), to i n e q u a l i t i e s  

t**-- V'R-:< t~o-< t** + VR-:, R - > o ,  (1.19) 

T h e n  fo r  any t in the i n t e r v a l  t l0- < t < t ** + q-R- we have  s'l(t) < 0, s~(t) > 0. Consequen t ly ,  so lu t ion  (1.16) can  be  
u s e d  in the  e n t i r e  a b o v e - c i t e d  r ange  of t. In a c c o r d a n c e  wi th  (lo19) the de f l ec t i on  is a m o n o t o n i c a l l y  i n c r e a s i n g  f u n c -  
t ion of  the f o r c e  t ,  and a t  t ~ t * * ,  w ~ OOo Thus ,  i f  t > t i and if  i n e q u a l i t i e s  (1.11), (1.13), and (1.18) a r e  s a t i s f i e d ,  the 
de f l ec t i on  i n c r e a s e s  f r o m  z e r o  to inf in i ty  when  the load v a r i e s  in the i n t e r v a l  t i -< t < t * * .  

The  c o r r e s p o n d i n g  c u r v e  KNP is shown s c h e m a t i c a l l y  in F ig .  3. The  load t**  wi l l  be c a l l e d  the s e c o n d  c r i t i c a l  
load.  

a 2) I f  the s e g m e n t  m a t e r i a l s  and c o l u m n  p a r a m e t e r s  a r e  s u c h  that  in addi t ion  to i nequa l i t i e s  (1.11) and (1.13) the  
fo l lowing  i nequa l i t i e s  a r e  s a t i s f i ed :  

then  a s s u m i n g  that  both s e g m e n t s  a r e  in the p l a s t i c  s t a t e ,  we have  s~(tl0-) > 0. 
and (1.20) it  fo l lows  then  that  fo r  A t  = t - t i 0 -  > 0 

% l / A t  [ ( t l o -  - -  t , )  ~ - -  B - -  At  ( t ,  - -  t l o - ) ]  
a + sol : ~ (t ,  -- t~o-) (t** --  t) > O, 

(1.2o) 

F r o m  (1.7), (1.9), (1.12), (1 . t4) ,  (1.15), 

The  l a t t e r  m e a n s  that  the  p o s t u l a t e d  law of  p l a s t i c  d e f o r m a t i o n  in the f i r s t  s e g m e n t  is v i o l a t e d .  The  a s s u m p t i o n  
that  a t  t > t~0 the  s t r e s s  in the f i r s t  s e g m e n t  r e m a i n s  cons t an t  and equa l  to the t e n s i l e  y ie ld  point  a l s o  l eads  to the v i o -  
la t ion of  equa t ions  of  e q u i l i b r i u m  and d e f o r m a t i o n  c o n s i s t e n c y .  Le t  us now pos tu l a t e  that  at  t > t~0 the s e c o n d  s e g m e n t  
is  o v e r l o a d e d  in the p l a s t i c  s t a te  (por t ion A282) and the  f i r s t  s e g m e n t  i s  in the e l a s t i c  s t a t e  (por t ion  A1C1, F ig .  2). 
Then ,  as  can  be  e a s i l y  shown,  one a r r i v e s  at  a c o n t r a d i c t i o n  wi th  i n e q u a l i t i e s  (1.15) o r ,  e q u i v a l e n t l y ,  wi th  the taw of 
d e f o r m a t i o n  of the f i r s t  s e g m e n t  in p o r t i o n  AIC 1. The  a s s u m p t i o n  tha t  in the  s econd  s e g m e n t ,  s t a r t i n g  f rorn  the  load 
t~o, e l a s t i c  unloading  takes  p l ace  a long  a c e r t a i n  l ine B2E 2 and that  the  f i r s t  s e g m e n t  is s t r a i n e d  in t ens ion  a long  l ine 
CID 1 e v i d e n t l y  c o n t r a d i c t s  i nequa l i t y  t > t~0. A c a s e  is  a l so  p o s s i b l e  in which  at  t > t~o the s e c o n d  s e g m e n t  is  un loaded  
a long  B~E 2 and the s t r e s s  in the  f i r s t  s e g m e n t  c o r r e s p o n d s  to the p o r t i o n  AIC1; in p r i n c i p l e  i t  is  p o s s i b l e  fo r  the load 
to i n c r e a s e  above  t~0 owing  to d i f f e r e n t  r a t e s  of d e c r e a s e  in s t r e s s  modul i  in the  two s e g m e n t s .  In this  c a s e  f r o m  (1.5) 
and (1.8) we obta in  fo r  the  d e f l e c t i o n  

(i .21) 
w o -  (tE~- %-) 

~' = (tES- t) 

Subs t i tu t ing  this  va lue  into (1.7) and us ing  (1.14), we ob ta in  

AtE~t~o--- t~) 
s~' (tlo-) = hl  27 ( t ,  - -  t lo-) ( tE~" rio-) > 0 

which c o n t r a d i c t s  the s t a r t i n g  a s s u m p t i o n  about  un loading  in the s econd  s e g m e n t  at t = t~0. 

Thus ,  in the c a s e  o f  c o l u m n s  fo r  which i nequa l i t i e s  (1.11), (1.13), and (1.20) a r e  s a t i s f i e d ,  e q u i l i b r i u m  s t a t e s  at  
t > t~0 cannot  e x i s t .  An add i t iona l  i n c r e a s e  in the  d e f l e c t i o n  is p o s s i b l e  on ly  when  the  load is  r e d u c e d .  The  dependence  
of  the  d e f l e c t i o n  on load is in th i s  c a s e  r e p r e s e n t e d  in F ig .  3 by c u r v e  KNQ. B r a n c h  KN c o r r e s p o n d s  to so]n t ion  (1.9), 
so lu t ion  (1.16) c o r r e s p o n d s  to b r a n c h  NQ at  ek l  ~ -< ekl  -< eki  f, and so lu t ion  

(t --  tot-) -- p4h~/ -+- (13 -~ P, lf) U'o- 
w = W o -  -}- D u- ( t***  - -  t )  D u -  = " 

' ~ +  ~]  ( 1 . 2 2 )  
elek2/ti  o-  ( t ,  - -  t lo-) e le~ .J t io-  o)~ 

%1~ ~ e ~ l t ,  ( t ,  - -  tlo-) -+- e lB  ' ekt : t . [~ t - -  e~tlo- ' t*** = ~ _[_ P.I] 

at  0 -< ekl  -~ ekl~ the l a t t e r  c o r r e s p o n d s  to mode  DIC 1 in the f i r s t  s e g m e n t  and m o d e  B2E 2 in the  second  s e g m e n t .  
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T h e  l o a d  t~0 w i l l  b e  c a l l e d  t h e  t h i r d  c r i t i c a l  l o a d .  F o r  c o l u m n s  o f  t h e  k i n d  u n d e r  c o n s i d e r a t i o n  t h i s  l o a d  c h a r a c -  
t e r i z e s  t h e i r  s u p p o r t i n g  c a p a c i t y .  

I t  s h o u l d  b e  n o t e d  t h a t  t h e  l o a d  t~0 (and s i m i l a r  l oads )  c o n s t i t u t e s  a c r i t i c a l  l o a d  in  t h e  u s u a l  b i f u r e a t i o n a l  s e n s e  

s i n c e  - w h e n  t h e  l o a d  is  r e d u c e d  a f t e r  r e a c h i n g  t~0 - two  e q u i l i b r i u m  c u r v e s  a r e  p o s s i b l e :  c u r v e  NQ a n d  c u r v e  NR d e -  

s c r i b e d  b y  s o l u t i o n  (1.21)  w h i c h  c o r r e s p o n d s  to e l a s t i c  u n l o a d i n g  in  b o t h  s e g m e n t s .  A s  a b o v e ,  i t  i s  e a s y  to s h o w  t h a t  
w h e n  i n e q u a l i t i e s  (1.18) a n d  t .  > t 1 a r e  s a t i s f i e d ,  w e  h a v e  

tEue~ ~ tlea (1.23) 

a n d  t h e  b e h a v i o r  o f  c o l u m n s  c o r r e s p o n d s  to  t h e  b r a n c h  K N P  d e s c r i b e d  b y  (1.9) a n d  (1 .16) ,  w h i l e  i f  i n e q u a l i t i e s  (1.20) a n d  

(1.23) a r e  s a t i s f i e d  t h i s  b e h a v i o r  c o r r e s p o n d s  to  t h e  c u r v e  KNQ d e s c r i b e d  b y  (1.21) o r  (1.22) w i t h  a c r i t i c a l  l o a d  t~0. I f ,  

h o w e v e r ,  i n e q u a l i t i e s  t .  < t 1, tEuek2  -< t i e  2 a r e  s a t i s f i e d ,  t h e  b e h a v i o r  o f  a c o l u m n  c o r r e s p o n d s  to  t he  c u r v e  KM d e -  
s c r i b e d  b y  (1.9);  t h e  s u p p o r t i n g  c a p a c i t y  o f  s u c h  c o l u m n s  i s  d e t e r m i n e d  by  t h e i r  f i r s t  c r i t i c a l  l o a d  (1.3) .  T h e  r e s u l t s  o f  

a n a l y s i s  c a r r i e d  o u t  f o r  o t h e r  c a s e s  a r e  g i v e n  b e l o w .  

b) t. > h, tEe~ > tle~ , tm > ho +, ekl > ekt* 

eter~/ ho + ( t .  - -  tio +) 
ekt* - -  ek~/t , (t, - -  tao*) d- o B  

D + (t - -  ho+) 
- = w~ q- (t**-- t) (tto* ~ t ~ tn*, AiBI~ A~B2, KN) 

A (tl0* - -  tl) V De 
x0* = t . - -  t,o + ' ta, + = t** - -  _ _  e ~  t ~at** (t** --  txo +) 

[ [(ea - -  ek2) ~2 (t. - -  h) - -  %2e~ (ex --  %0 ~ (t. - -  ho+)] 
D+ = e ~ l ~  (t, - -  tm+) 

D, + (t - -  tit*) 
w = w l + +  t . - - t  ( t n + ~ t ~ t n  -, BiEa, A2Ba, KN) 

D + (tn § - -  rio+) 
wl + : wo ++ ~ , tn- = p~ § V p? + ql 

[ (ha -- wl +) t .  + Da+/tn + + s,, sut. 
p1 == [ (h2 - -  wt* + D, +) , ql = ] (h~ - -  wa* + D~*) 

$1t  = ]tn + (ha - -  wi+), [Xa -~ 

bl) t** ~ tn- 
Di- (t - -  tat-) 

w = wl- q- (tn- ~ t ~ t**, E1Fi, AaBa, KNP) t** - -  t 
Di + (t n -  - -  tn +) 

~/~1-- : Wl + "~- t ,  - -  t l l -  

~tahi - -  ~lhd + (~ + ~a § ~ / )  Wl- 

b2) t** -~ in-, rl ~ 0 
�9 D i - ( t - -  in-)  

w = wl- -t- ~ ~) (t -~ tii-, E1Fi, A~Ba, KNQ) 

_ _ (~  + ~h~) _ (~  + ~) �9 
. . . .  (~ + ~ a + , l / ) [  - -  - - ~  (t. - t n + ) ]  ri (t. tn )(t** tit ) (t. tn )~ h D1 t .  ; 

b3) t * * ~ t n - ,  r l ~ 0  

w = w l - - ~  D l ~  ( t ~ t n - ,  ELF1, B~Ea, KNQ) 
t*** - -  t 

- -  ~lhl/ + (~ + ~d) wl- 
Din- - -  ~ + }~l/ 

bl) t** < tn-  

wi'" (tEff- in-) 
u~ - -  - (t ~ tn-,  BiEI, B~E~, KNR) ; 

--  ( t  z -  t )  

(1.24) 

(1.25) 

(1.26) 

(1.27) 

(1.28) 

c) t .  > t,, tE~ 2 > qe2, t m >  tlo +, %t < % J ,  t** > tlo * 

,~ = ~o+ + 1)~,~_,~o+) (rio+ < ~ < t ,  Al~,, B,.Eo, pu) 

- -  ~lhuf + (~ -}- li~]) wo* V "pu2 _L. 

(hi -~ wo +) t*** - -  (hi -}- Wo + -4- Dz+) tlo + tlo*t*** (hi ~J- wo +) 
pa-- (h~ + wo* + D~+) , q~ = (h~ + Wo + + DC) ; 

( 1 . 2 9 )  
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c 9 t** ~ t~ 

�9 . D c ( t - - t ~ )  ( t ~ t ~  t**. A1B1, E2F.., UL) 

D~ + ( t~ - -  t~o +) D~- 
we = Wo" "~ - t*** - -  te ' - -  (13 + ~". + I~1/') 

c~) t** ~ t~, g > 0 

D~- (t - -  t~) 
w = w~-] t** - -  t (t ~ t~, A1Bz, E~F~, UG) 

g = (t*** - -  t~) (t** - -  t~) (~ ~- p.~ -]" t l l / )  - -  (~h 1 -}- l i t / )  ( t*** - -  t~) ~ + 

-]- Dz + (~ -f- ~1/)  t~r (t*** - -  tlO+); 

(L3o) 

(i .3 i) 

c3) t** ~ t~. g ~ 0 

( t ,  ~ t) (t ~ t2, B1E!, E2F2, UG) ( 1 . 3 2 )  

D~v- = [3 + p,z 

wz (te~ -- t~) 
w =- t (t ~ t2, B1E1, B~E.2, UV); (1.33) 

tEu - -  

d) t . > t l ,  t E e ~ > ~ l e ~ ,  t ,~>tlo+, %1~< ekl*, t * * < t l 0  ~ (1.34) 

w = w o  e 4-  D2~-(t - -  tl~ �9 t * * * - - t  (t ~ tlo +, AIB1, BeFe, F F )  

wo + ( t~u-- t~o +) 
w ~ ( t E u _ _ t )  (t ~ tl0*) AxCl,  B2E.,_, F S ) ,  

F o r  each  of  the c a s e s  ( 1 . 2 4 - 1 . 3 4 )  the load i n t e r v a l s  and m o d e s  f o r  which  the r e s p e c t i v e  so lu t ions  w e r e  ob ta ined  
a r e  g iven  in p a r e n t h e s e s , w h e r e  c u r v e s  r e p r e s e n t i n g  the dependence  of d e f l e c t i o n  on load a r e  a l s o  shown.  The  c u r v e s  
fo r  c a s e s  (a) and (b) a r e  r e p r o d u c e d  in F ig .  3 and fo r  c a s e s  (c) and (d) in F ig .  4. The  loads  t~0 and t~l in F ig .  3 c o i n c i d e .  

~t 

g ~to " - - -  f 

8 

H g .  4 

The  f ina l  c o n c l u s i o n s  a r e  as  fo l lows .  In the g e n e r a l  c a s e  of  a h e t e r o g e n e o u s  i d e a l i z e d  c o l u m n  which  r e t a i n s  i ts  
r e c t i l i n e a r  unbuckled  s t a t e  in the e l a s t i c  r a n g e ,  the d e f l e c t i o n  beg ins  at  the  f i r s t  c r i t i c a l  load t 1 c o r r e s p o n d i n g  to the 
load a t  which  the  y i e ld  po in t  is  r e a c h e d  in one of  the  suppo r t i ng  s e g m e n t s ;  i f  the s e g m e n t  m a t e r i a l s  and g e o m e t r i c a l  
p a r a m e t e r s  of the c o l u m n  a r e  such  that  i n e q u a l i t i e s  (1.4), t .  < t i, and tEu  ek2 -< t ie  2 a r e  s a t i s f i e d ,  the c r i t i c a l  load t 1 
d e t e r m i n e s  the suppo r t i ng  c a p a c i t y  o f  the co lumn .  If,  h o w e v e r ,  i n e q u a l i t i e s  (1.4), (1.11), (1.13), and (1.20) o r  (1.4), 
(1.20), and (1.23) a r e  s a t i s f i e d ,  the suppor t i ng  c a p a c i t y  of  the  c o l u m n  is d e t e r m i n e d  by the c r i t i c a l  load t~0~ The s u p -  
p o r t i n g  c a p a c i t y  of  the  c o l u m n  is d e t e r m i n e d  by  the c r i t i c a l  load t~l in the  c a s e  in which  i n e q u a l i t i e s  (1.4), (1.24), and 
(1.26) o r  (1.27) a r e  v a l i d ,  by  the  c r i t i c a l  load  t 2 when i n e q u a l i t i e s  (1.4), (1.29), and (1.31) o r  (1.32) a r e  s a t i s f i e d ,  and by 
the  c r i t i c a l  load t~0 when  i n e q u a l i t i e s  (1.4) and (1.34) a r e  s a t i s f i e d ,  

If  i n e q u a l i t i e s  (1.4), (1.11), (1.13), and (1.18), o r  (1.4), (1.18), and (1.23), o r  (1.4), (1.24), and (1.25), o r  (1.4), 
(1~ and (1.30) a r e  s a t i s f i e d  the suppo r t i ng  c a p a c i t y  of the c o l u m n  can be e x p r e s s e d  in t e r m s  of  the load t * * .  

2. The  f o r e g o i n g  a n a l y s i s  shows  that ,  in the g e n e r a l  c a s e ,  a h e t e r o g e n e o u s  i d e a l i z e d  c o l u m n  beg ins  to buck le  at  
a load at  which  one of  the  s e g m e n t s  p a s s e s  into the  p l a s t i c  s t a t e .  H o w e v e r ,  if  c e r t a i n  l i m i t a t i o n s  a r e  i m p o s e d  on the  
m a t e r i a l  c h a r a c t e r i s t i c s ,  a c o l u m n  m a y  r e m a i n  in an unbuckled  m o m e n t - f r e e  s ta te  e v e n  a f t e r  the s e g m e n t s  have  p a s s e d  
i n t o t h e  p l a s t i c  s t a te .  To d e t e r m i n e  t h e s e  l i m i t a t i o n s ,  le t  us take  in (1.8) w = 0, ki = 1, mi  = ni = 0 fo r  s e v e r a l  (at l e a s t  
two) c l o s e  v a l u e s  of t > t 1. We then  obta in  

hL~2 -- h2~if = 0, ~01~i -- ~0~ = 0. (2.1) 
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From (2.1) follows 

E2 E ~  ~0~ ( 2 . 2 )  
E~ - -  E ~  - -  ~o~ = ~"  

S t r e s s - s t r a i n  d iagrams of ma te r i a l s  whose charac te r i s t i c s  are re la ted by Eq. (2:2)are called proport ional  [1]o 
Assuming that the d iagrams of ma te r i a l s  of the segments  of a column a re  propor t ional  f rom (1.8) we obtain the follow- 
ing express ion  for the c r i t i ca l  load, 

(028~2 

Assuming that the m a t e r i a l s  and d imens ions  of the segments  of a column are  identical ,  we a r r i v e  at Shanley 's  
load for an idealized column [2]. 

Thus,  the usual  formulat ion of the p rob lem of s tabi l i ty  of a column beyond the elast ic  l imi t  can be used in cases  
in which the d iagrams of the segment  ma te r i a l s  are proport ional .  

When the d iagrams of the segment  ma te r i a l s  are  different ,  for obtaining approximate es t imates  of the rea l  c r i t i -  
cal loads it is useful  to find the c r i t i ca l  loads for columns made of mate r ia l s  with propor t ional  d iagrams [1]. 

If the rea l  d iagram of the ma te r i a l  of the f i r s t  segment  is replaced by a d iagram proport ional  to the d iagram of 
the second segment  (with a propor t ional i ty  coefficient ~ = E2/E1), we obtain the cr i t ica l  load 

t~t = t~. (2.3) 

Making the d iagram of the rea l  ma te r i a l  of the second segment  propor t ional  to the d iagram of the f irst  segment  
with a coefficient ~ and de te rmin ing  the c r i t i ca l  load, we obtain 

~2%1r 
t~2 -- i -t- ~/ " (2.4) 

Comparing the second c r i t i ca l  load t** with c r i t i ca l  loads (2.3) and (2.4), it is easy to show that 

t~2 < t** < t~ at:. E~ / E~ > 

These inequali t ies  demons t ra te  the poss ib i l i ty  of obtaining es t imates  of the c r i t i ca l  loads with the aid of Shanley's  
loads for columns made of ma te r i a l s  cor responding  to propor t ional ly  recons t ruc ted  d iagrams.  
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